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Aircraft Small-Disturbance Theory
with Longitudinal-Lateral Coupling

W. F. Phillips* and B. W. Santana’
Utah State University, Logan, Utah 84322-4130

The linearized aircraft equations of motion are presented in a form that is more general than the classical uncou-
pled longitudinal and lateral formulations. The effects of inertial, gyroscopic, and aerodynamic coupling, as well as
turning flight, are included. The formulation is presented in both dimensional and nondimensional form. Example
results are presented that show that longitudinal-lateral coupling can significantly affect the classical modes of a
propeller-driven airplane with high power-to-weight ratio. Predictions from this formulation are consistent with
those from the classical formulation, when the coupling terms and bank angle are set to zero. Computation time is
not significantly increased over that required for the classical formulation.

Nomenclature

span, mean chord, and planform area

of the wing

aerodynamic moment coefficients, including
thrust (roll, pitch, and yaw components)
aerodynamic force coefficients, including
thrust (x, y, and z components)

example nondimensional aerodynamic
derivative, change in C; with ¢

shorthand trigonometric notation (cosé, sin6,
and tan 6)

body-fixed angular momentum of spinning
rotors (x, ¥, and z components)

body-fixed moment of inertia components
body-fixed product of inertia components
congruous aircraft reference length
aerodynamic moments, including thrust (roll,
pitch, and yaw components)

body-fixed angular velocities (roll, pitch, and
yaw components)

traditional nondimensional angular velocities
(pby,/2Vy, qcy/2Vy, and rb,, /2V;)
congruous nondimensional angular velocities
(_plref/ V(Ja qlref/ V(J’ and rlref/ V(J)

time

body-fixed translational velocities (x, y, and z
components)

Earth-fixed wind velocities (xs, y;, and z ¢
components)

equilibrium airspeed

gross aircraft weight and acceleration

of gravity

aerodynamic forces, including thrust (x, y,
and z components)

body-fixed Cartesian coordinates (forward,
right, and downward components)
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Xp, VisZf = Earth-fixed Cartesian coordinates (north, east,
and downward components)

Z, = example dimensional aerodynamic derivative,
change in Z with ¢

o, B, 1 = angle of attack, w/ Vj; sideslip angle, v/ Vy;
and nondimensional forward velocity, u/ V,

&, B, i = traditional nondimensional accelerations
(6€.0/2Va, Bb, /2Vy, and iG,,/2V)

o, B, uw = congruous nondimensional accelerations
(dlref/ Vo, ﬂlref/ Vo, and lllref/ VU)

A = deviation from equilibrium

Sus 8es O = aileron, elevator, and rudder deflections

0, 2 = air density and equilibrium turning rate

Ges Sy G2 = nondimensional aircraft position components

¢,0, Y% = Euler angles (bank angle, elevation angle, and

azimuth angle)

Introduction

OR aircraft flight mechanics analysis, the six degree-of-
freedom (6-DOF) rigid-body equations of motion are com-
monly linearized using small-disturbancetheory.! = In the frequent
application of this theory, the lateral equations of motion are un-
coupled from the longitudinal equations of motion as a result of im-
posing the small-disturbance approximation. The actual response
of a rigid aircraft to a finite lateral disturbance involves all six
DOF. Furthermore, inertial and gyroscopiceffects can produce cou-
pling between the lateral and longitudinalequations,even within the
framework of small-disturbance theory. What is normally referred
to as inertial coupling occurs whenever the aircraft’s mass is not
completely symmetric about the x—z plane and the so-called gy-
roscopic coupling occurs as a result of any net angular momentum
associated with rotors spinning relative to the body-fixed coordinate
system. Aircraft asymmetry can also give rise to aerodynamic cou-
pling because aerodynamic derivativessuch as C; o, C,, o, and C,, g
can become nonzero. Even in current aircraft, the occurrence of
such first-order coupling between the longitudinal and lateral DOF
is not unusual. Furthermore, this coupling could prove to be partic-
ularly importantin the relatively new field of microflight, where the
propulsion system rotor mass may be a very significant fraction of
the total aircraft mass. However, such coupling is not accounted for
in the usual linearized aircraft stability and control analysis.
Uncoupling the longitudinal and lateral equations of motion re-
duces the eigenproblem associated with linearized 6-DOF aircraft
dynamics from one 12 x 12 system to two 6 x 6 systems. Decades
ago, when the theory of linearized aircraft dynamics was first
developed! this represented a significant reduction in computa-
tional effort. To reduce computations even further, each of these
6 x 6 systems was commonly reduced algebraically to a 4 x 4 sys-
tem. The eigenvalues obtained from the 4 x 4 system are identical
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to those obtained from the 6 x 6 system, except that the lower-order
system does not yield the trivial rigid-body displacement modes.
This represents no loss of information. However, there is a loss of
informationin the eigenvectors when the 6 x 6 systems are reduced
to 4 x 4. Two components of each eigenvector are lost. This was a
small price to pay for the computational savings that were realized
in the early- to mid-20th century.

Today, there are no significant computationalsavings to be gained
by uncoupling the linearized longitudinal and lateral equations of
motion. When modern computational facilities are used, the solu-
tion of a 12 x 12 eigenproblem is trivial. Thus, it is quite simple
to account for longitudinalateral coupling in linearized 6-DOF
aircraft dynamics.

Formulation

The traditional Euler angle formulation of the rigid-body 6-DOF
equations of motion can easily be modified to account for the ef-
fects of longitudinal-ateral coupling.”® Thus, including the effects
of gyroscopic and inertial coupling, the 12 first-order differential
equations that govern the motion of a rigid aircraft can be written as

w u X —S rv—quw
— v =1Y s +WJS5C ¢ +—1pw—ru €8
§ w Z CyCy qu — pv

o
|
=
B
=

N R

~hy h, 0

(Iyy - Izz)qr + 1}':((12 - r2) + IX;PCI - Ixypr
+ (1:: - Ixx)pr + Ixz(rz - p2) + Ixyqr - Iy:PCI (2)
(Ixx - IM)PCI + Ixy(pz - q2) + Iyzpr - Ixzqr

Xs CoCy §485,Cy —CySy,  CpSyCy, +S¢S¢,_ u

Vg =1 CoSy  Sp88, +CsCy CypSpSy — SpCy v

Zj —Sg S¢C9 C¢Cg _ w
wa

+ v, 3)

Vi:

¢ 1 8,8 /Co CySy/C p

6¢t=10 C, —S, q “)

v 0 S,/Cy Cy/Cy r

where the dot indicates a time derivative.

To obtain the classical dynamic modes from these 12 equations,
the system must be linearized relative to some equilibrium flight
condition. The equilibrium flight condition commonly chosen for
this purpose is steady climbing flight.!=> This condition is chosen
specifically to eliminate the coupling between the longitudinal and
lateral modes. However, this is not the most general equilibrium
flight conditionthat can be used to linearize the equations of motion,
if we are willing to accept longitudinal-ateral coupling in the final
result.

Perhaps the most common cause of longitudinal-ateral coupling
is simple turning flight. The equations of motion are usually lin-
earized relative to a flight path having both the equilibrium bank
angle and azimuth angle set to zero. Because there is no force in
body-fixed coordinatesthat depends on azimuth angle, the choice of
equilibriumazimuthangleis arbitrary and has no effecton the distur-
bance equations. On the other hand, allowing for a nonzero equilib-
rium bank angle will significantly affect the disturbance equations,
introducing longitudinalateral coupling.

angular velocity vec
with turning rate 2

| vertical axis of turn

Wecos6,

Front View

Horizontal Side View

Fig. 1 Equilibrium flight conditions for a steady coordinated turn.

For example,considerthe steady coordinatedturnshowninFig. 1.
In a steady coordinated turn, the ailerons, elevator, and rudder are
coordinated to maintain constant airspeed and angular acceleration
while eliminating the side force. The equilibrium angular velocity
vector is aligned with the Earth-fixed z y-axis and, by our choice
of the body-fixed coordinate system, the equilibrium translational
velocity vector is aligned with the body-fixed x-axis. The equilib-
rium angular velocity vectorin body-fixed coordinatescan be deter-
mined by applying the usual Earth-fixed to body-fixed transforma-
tion matrix® to the angularvelocity vectorin Earth-fixed coordinates,

p CyC, CyS, -S7 (0
gt =|5,8C, —CySy S;858, +CyCy  S,Cy | 40
r),  LGCoSiCy+ 8,8, CySyS, — 8,0, CoCo| | Q
_Sﬁo
= Q1 S4Ca, )
C¢0C90

where the subscript( shall always indicate evaluationat the equilib-
rium reference state. The translational velocity vector, in body-fixed
coordinates, for this equilibrium flight condition and our choice for
the body-fixed coordinate system is

u VU
vy =10 (6)
w 0

0

From Eq. (1), constant airspeed and zero side force requires

0 X —Sp rv — qw
0fg =190, +WqS,Cp ¢ +— Jpw—ru (7)
0 Z C,Cy qu — pv

When Egs. (5) and (6) are applied to Eq. (7), this equilibrium flight
condition gives

0 X, — S, wav 0
0f=1307¢+W2QS,Co + . 21 —CyCoyt (8)
0 Zs Cs,Cao Sp0Cay

From row 2 of Eq. (8), we can determine the equilibrium turning
rate as a function of airspeed and bank angle,

Q= gtangy/Vy )

From Egs. (8) and (9), the net equilibrium aerodynamic force re-
quired to maintain a steady coordinated turn is

X Sﬁo
vy} =w 0 (10)
zJ, —Cyy /[ Cyy



PHILLIPS AND SANTANA 975

From Egs. (4) and (5), the equilibrium Euler angle rates are readily
found to be

é 0
6¢ =30 (11)
v, @

Integrating Eq. (11) subject to the initial condition of zero azimuth

angle at time ¢ =0, we find that the equilibrium Euler angles for a
steady coordinated turn are

¢ bo
¢ =1 6 (12)
v), o

Similarly, using thisresultin Eq. (3) and integrating, the equilibrium
position for the steady coordinated turn is

Vet + VoCoy Sor /2

)Cf
Yrt =1 Vit — VoCayCa: [/ (13)
Zr )y (Vi = VoSa )1

Expanding the aircraft flight variables relative to this equilibrium
state, we have
u="Vy+ Au,

v = Av, w = Aw

p=—8T4Su/Vo+Ap.  q=2gTySyCo/Vo+Aq

r=88,Co/Vo+Ar,  X=WS, +AX, Y=AY

Z=-WCy/[Cy + AZ, C=0+ AL, m=my+Am

n=ngy+ An, xXp=V,t+ VUCBOSQ,/Q + Axy

Yy = Vit — VUCBOCQI/Q + Ayy
= (Vw: — VUSgo)t + Azy

¢ =y + A9, 0 =6, + A6, Yv=Qt+ Ay
where the equilibrium moments are obtained by using these values
in Eq. (2) with all disturbances set to zero.

Equations (1-4) can now be linearized, using the steady coordi-
nated turn as an equilibriumreference state. With one exception, the
linearization process is straightforward,and most of the details will
not be presented here. The useful linearization of Eq. (3) requires a
change of variables that has not been commonly used. Thus, some
of the details associated with linearizing the kinematic equations for
position will be presented.

When the preceding disturbance expansions are used relative to
the steady coordinated turn, Eq. (3) can be written as

Vi + VoCoyCa, + A%
wa + VUCBQSQI + ij
Ve — VoSg, + AZy

Vo + Au Vix
= [[T]o + A[T]] Av + 3 Viy (14)
Aw V-

where [T] is the transformation matrix,
CoCy  5;80Cy —CySy CypSyCy + 8,8y
[T] = Cng, S¢S9S¢, + C¢C¢, C¢S9S¢, - S¢C¢,
—Sg S¢C9 C¢C9

[T]o is its equilibrium value, and A[T] is the change in the transfor-
mation matrix that results from the disturbances A¢, A8, and Ar.
When the wind components that appear on both sides of Eq. (14)
are eliminated and only first-order terms are retained, Eq. (14) can
be written as

VoCooCar + Axy
VoCoySar + Ayy
—VoSs, + AzZy

CooCar Sp080,Car — CpoSar Coy S0, Car + Sy Sar

= Cgo SQ, S¢O SBOSQT + C¢OCQf C¢O SBOSQT - S¢OCQT
- Sﬁo S¢o Cﬁo C¢o Cﬁo
VU + Au VU
x Av ¢+ A[TI{ 0
Aw 0
or
Ax, CooCar S40S00Car — CyoSar  CyoSay Car + Spo S
ij = C90 SQ, S¢O S90 SQ[ + C¢OCQT C¢O S90 SQ, - S¢OCQ,
Az f — Sy Sd)o Co, Cd)o Co,
Au —SQOCQ,AQ - CgOSQ,AI//
x { Av b+ { =S4 Sq A0 + Cy, Co, AV ¢ V, (15)
Aw —Cgo A6

Although Eq. (15) may at first appear linear, it is not. All five
of the terms on the right-hand side of the first and second rows are
sinusoidal functions of time. This 3 x 3 system can be rearranged
to give a linear system by using a change of variables. This requires
some algebraic manipulation. The first row in Eq. (15) is replaced
with the sum (Cq, X row; + Sg, X row,) and the second row is
replaced with (Cgq, X row, — Sq, X row;). When the trigonometric
identity S3, + C3, =1 is applied, this gives

Coi iy + Squ Ay Coy  SaSas CooSao
Cahy;—Sqhiy bt =1 0 Cp  —Ss
Az S - Sﬁo S¢o Cﬁo C¢o Cﬁo
Au 0 —VoSs, O A
x {Av ¢ +1]0 0 VoCa, A6 (16)
Aw 0 —VoCsq O AY

The right-hand side of Eq. (16) is now linear in the disturbance
variables. Thus, the left-hand side of Eq. (16) suggests using the
change of variables

AXx, Co, S O Axy
Ay. ¢ =1 —Sar Cq, O Ayy 17)
Az, 0 0 1 Az

These new disturbance variables can be interpreted as the circum-
ferential, radial, and vertical disturbances from the equilibrium co-
ordinated turn. For the special case when the bank angle is zero,
these new disturbance variables reduce to the original positional
disturbancesin Earth-fixed coordinates.

In a similar manner, Eqgs. (1), (2), and (4) can be linearized. This
gives the general linearized 6-DOF equations of motion for aircraft
dynamics,
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Au
AV
Aw
Ap
[Bl, [n] [m] [n]] | A4
(Bl,, U] [m] [m]| | AF
0] [n] [ [n]]| ] Ak
(0] [m] [m] [i]] | A%
Az,
Ad
A0
Ay
Au
Av
Aw
Ap
[Alyy [Alfe [l [Al, Ag
[Alny [Alne [n]  [n] Ar
[Al,y  [m]  [n] [Ale | | Ax,
[n]  [Al. [n] [Al. Ay,
Az,
A¢
A6
Ay
lTﬂfl
[Cln
[n] de (18)
[n] &
where
" _
——X, 0 —X 4
8
BL.= o X
8
—Z,; 0 K—Z.u-,
L 8 i
0 0 o0 L, -1, -—I.
Bl,=|-m; 0 —my|, U=|-L, I, -I.
| O 0 0 1. —I. L.
B X, WS¢0C90 X, WT¢0 S¢0C90
' Yo ' Yo
[Al,, = W Sp Cay Y, W Ty, Se
Vo Vo
w T¢o S¢o Cﬁo w T¢o Sﬁo 7
L Z Z "
0 X, 0
VWwW
Y, 0 Y, —
[Alfo = 8
VwW
0 Z,+ 0 J
L 8
0 —Cy, 0
[A]l, = W | C4Cy, SpoSe 0
_Sdmcﬁo _Cdm Sﬁo 0

0 Z.v Z.w Alp Alq Alr
[A]Illu = m.M m.b m.w b [A]nm) = Alllp Alllq Amr
0 n, n.y Anp Anq Anr
g(IX; T¢o Sd)ocﬁo - IX,V S¢0C90)
Agp = Z.p +
Yo
A, = —h + g[(l}'y B 12:)S¢0C90 + 21}':T¢0S¢0C90 B IXZT¢0S90]
tg — z VU
Ay =t,+h,
+ g[(ly.v - 1::)T¢o S¢0C90 B 21}':S¢0C90 + IX.V T¢o S90]
Vo
A —h g[(I;: = L) SpyCoy + 21:: T Soy — 1y Ty, S¢0C90]
mp — 'tz VU
g(lxy S¢o Cﬁo + 1}': T¢o Sﬁo)
Amq - m.q +
Vo
A —h + g[(lxx - 1::)T¢o Sﬁo + ZIXZS¢0C90 + IX}'T¢0S¢0C90]
mr — X VU
A,p=n,—hy
+ g[(lxx B Iy.v)Tde)on?o B ZIX}'TmSHo + Iy:S¢0C90]
Yo
A —=h g[(l}'y - Ixx)Tdm Sﬁo B ZIX}'T¢0S¢0C90 B IXZS%CHO]
ng — tx VU
g( - 1}'ZT¢0S90 - IXZT¢0S¢0C90)
Anr =n, +
, 7
[ Cﬁo S¢o Sﬁo C¢o Sﬁo
Al = 0 Cyo =S40
_Sﬁo S¢o Cﬁo C¢o Cﬁo
[0 —V,Sy, 0
[Al,,=[0 0 VoCe,
|0 —V,Cy, 0
1 S¢o Tﬁo C¢o Tﬁo
0 C¢o _S¢o
[Ale, =
0 S0 Can J
Cﬁo Cﬁo
8Ty,
VUC90
T4,C
[Al, = EloCoan 0 0
Yo
L gT¢o Tﬁo OJ
Yo
Xs, O L5, 0 £y
[C]f - Yﬁa Y.ﬁr 5 [C]m = 0 m, 0
Zs, 0 ns, 0 ng
0 0 O
[l]:OlO,[n]:OOO
0 0 1 0 0 O

The system of linear equations that is presented in Eq. (18) can
be used to study both turning and steady climbing flight along a
linear flight path. With the equilibrium bank angle ¢, set to zero,
Eq. (18) providesthelinearizedequationsof motion for linear climb-
ing flight, includinginertial, gyroscopic,and aerodynamiccoupling.
Steady level flight correspondsto the special case where both ¢, and
6y are zero.
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As can be seen from the formulation presented here, a wide range
of longitudinal-ateral coupling is introduced by simple turning
flight. Gyroscopic coupling enters the linearized equations of mo-
tion only throughits effecton [A ], and, with no bank angle, inertial
asymmetry produces coupling only through the moment of inertia
tensor [I]. Aerodynamic asymmetry typically produces significant
couplingonly through the stability tensor [A],,,. A nonzerobank an-
gle, onthe otherhand, has broadereffects on the linearizedequations
of motion. Turning flightintroducescouplingin the translational ve-
locity components as a result of the Coriolis forces seen in [A],.
Additional translational coupling is introduced through the weight
tensor [A],,, when the bank angle is nonzero. Turning also produces
considerablerotationalcoupling as a result of the gyroscopiceffects
seenin [A],,,. Finally, turning produces couplingin the position and
orientation equations through [A],,, [A].., and [A],..

(1-B., 0 =B, O 0O 0 00000
0 1 0 0 0 0 00 0 0 O
—B. 0 1—B.y 0 0 0 00 0 0 O
0 0 0 1 —Lyy . 0 0 0 0 O
—B,, 0 =B,y Lyx 1 —t: 0 0 0 0 O
0 0 0 —lx Tl 1 00 0 0 O
0 0 0 0 0 0 1 0 0 0O
0 0 0 0 0 0 01 0 0 O
0 0 0 0 0 0 00 1 0O
0 0 0 0 0 0 00 0 1 0
0 0 0 0 0 0 0 0 0 0 1
| 0 0 0 0 0 0 00 0 0 O
Ax.u Angm Cﬁo Ao — Ag T¢o S¢ocﬁo 0
_Ag S¢0C90 A,v.ﬁ _Ag Ty, Soo A,v.ﬁ
A+ ATy Sp0Coy Ay Ty Sey A, 0
0 Az,/j Az,a Az,ﬁ + N
A Anp Ang Nyx
n 0 Aup Ayq Anp = M=
Cﬁo S¢o Sﬁo C¢o Sﬁo 0
0 C¢o _S¢o 0
- Sﬁo S¢o Cﬁo C¢o Cﬁo 0
0 0 0 1
0 0 0 0
B 0 0 0 0

Aerodynamicderivatives are usually specified in terms of dimen-
sionless aerodynamic coefficients, and the linearized equations of
motion are commonly solved in nondimensional form. By standard
convention, the characteristiclength used to nondimensionalizethe
longitudinal variables has been one-halfthe mean chord length. For
the lateral variables, on the other hand, the wing semispan has tradi-
tionallybeenused as the characteristiclength. When the longitudinal
and lateral equations are uncoupled and solved separately, this du-
ality presents no problem. However, in the coupled formulation
presented here, longitudinal and lateral variables appear in the same
equation,and itis quiteinconvenientto use two differentcharacteris-
tic lengths. To nondimensionalizeEq. (18), it is convenientto select
a single reference length for all longitudinal and lateral variables.
With the equilibrium airspeed retained as the reference velocity, the
usual nondimensional velocity disturbances remain,

Ap = Au/Vy, AB = Av/V,, Ao = Aw/Vy, (19)
With the congruousreference length denoted as /¢, the dimension-
less angular rate disturbancesare
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Ao’ = Adlref/vﬂ»
Aé = Aqlref/vﬂ»

Aﬁ = Aplref/vo

AF = Arls/Vy (20)

Similarly, the disturbances in aircraft position are nondimensional-
ized as

Agx = Axc/lref» AS‘} = Ayc/lref»
For dimensionless time we define

Ag: = Azc/lref (21)

T = Vot /Lt (22)
and
af lref af lref p
==t = 23
f at Vo ot Vo ! (23)

With these definitions, the nondimensional linearized equations of
motion are

o] (aw T 0 D,y 0]
0 A’ Dy, 0 Dy,
0 Ad’ 0 D.;, 0
0 Ap' Dy s, 0 Dy s,
0 Ag' 0 D, s, 0
ol | A D,.s 05 D,.s A,
(= - . AS,
0 Ag, 0 0 0 As,
0 Ag;, 0 0 0
0 Ag! 0 0 0
0 AQ’ 0 0 0
0 Ab’ 0 0 0
1| Ay’ L 0 0 0
A 0 000 0 —A,Ch O] (An
0 Ay =1 000 A,CyCop —AgSsSs 0O AB
A.;+1 0 000 —A;S5Cop —ACpySy, 0O Aa
—Ny  Artn: 000 0 0 ol |ap
Apgi+ny —n: 000 0 0 0 Aq
N:zy Ayi+n-000 0 0 0 AF
0 0 000 0 — S, 0 Agy
0 0 000 0 0 Co | |As,y
0 0 000 0 —Cy, 0 Ag:
S0 Toy CpToy 000 0 ATy /Cq O A¢
Cy, =S84 000 —A,T, Cy, 0 0 AD
S¢0/C90 C¢0/C90 000 0 Ag T¢o Tﬁo 0 _ Al//
(24)
where
Iy I I, I,
Ly = Z, L. = :, Lyy = I—W, ly: = I_W
_ L _ . _ PSuCu
lx = I_’ by = I_’ o = aW/g X,
o = Zij/c; Z.s By = pS:Zu;lref Cui
0S,Cu 0SuCy
B:ow = ——Cxa, o = Z.&
“ T awrg “ T awrg
B, = le;_i’lmfcm.&, A, = g‘ir;f
»y 0
_ Iy T¢o S¢o Cﬁo — IX,V S¢o Cﬁo
Nex = Ag 1.
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Ney = hiliet + A (- — 1}'.V)S¢0C9o —21,.Ty, Sgo Cop + 1::Ty Say
v IXX V(J ¢ Ixx
— h}'lfef +A (I}W‘ — 1::)T¢o S¢0C90 — 21}'2S¢0C90 + IX,VT¢0 Sﬁo
Ny: = g
IXX V(J IXX
Mox = h:lref + A (1:: - IXX)Sd)oCBo + ZIX:Td)oSBo — 1}'ZT¢OS¢OC90
e Iy.v Vo ¢ Iy.v
Ny = A IX,V S¢0C90 + 1}'2 T¢o Sﬁo
yy —/ 778 Iyy
Nye = hxlref + A (1:: - IXX)Td)o Sﬁo - lezsd)ocﬁo - Ixde)oSd)oCBo
* Iy.v Yo ¢ Iy.v
— h}'lfef +A Uy — L)y, Sgy Cop + 21, Ty, Sop — IyZSdJon?o
Nz = 8
1:: V(J 1::
ey = Dl +A (I}W‘ _ Ixx)TmSBo _ 21}@' T¢o S¢0C90 — Ix:SmCeo
2 1:: V(J ¢ 1::
n.=A _1}'ZT¢0S90 _ IXZT¢0 S¢0C90
. & IZ:
14 Sw lref 14 Sw lref
p=———1(2Cx+C , A, =——(2C,+C
N ZW/g ( X X.[.L) N ZW/g ( z Z.[.L)
Sw _'wlz Swlre
Am.p. = u (2Cln + Cm.p.) s AX.O( = uCX.a
21, 2W/g
Syl S, 12
o = £ fCZ.oca Am.oc = ucm.a
2W/g 21,
_ pSwlref _ pwawlrzef
8= g ST Agp = - Cyop
pSubul2, pSubul2,
An = = Cn s A o« = —=C o
T - 20, "
A Sl Ao BSubull
m,p Zlyy m,p n,o 21:_ n,o
Syby, Syb2 1
yp = ZW/g Cy, Ay = £ 41u sz,p
Sub? L SwCu
Ail.;3 = Mcn.ﬁa Ax.q = £ CX.L}
4. 4W /g
A = pSwEw CZ - A = pSwéilrefc
T Aawyg T ! 41y, ’
Swby Swb? L
v.;Ep Cyr, Az;Ep = fCr
4W /g ’ 41,
wa2 lre Swlre
An.r = £ = an.?a Dy.ﬁa = a - Y.8a
41. 2W/g
pSubul pSubul2
Dys, = 51 fcz,aa, Dy, = i fcn.aa
_ ,OSwlref — pSwlref
X8, = ZW/g X.8¢» 2,8e — ZW/g Z.8¢
/OSw 6wlr23 14 Sw lref
Dm.ﬁe = —fcm.ﬁea .8 = Y.5r
21,y 2W/g
pSubul2 pSubul
Dy, = Zl—fcz,ar, D,; = 57 fcn.ar

Here i and & are used to signify the traditional nondimensional
accelerations.

Even for the special case of linear flight with no coupling,Eq. (24)
can be efficiently used to obtain the eigenvalues and eigenvectors
for both longitudinal and lateral motion. When the bank angle and
all coupling terms are zero, results obtained from Eq. (24) are iden-
tical to those obtained from the traditional uncoupled formulation.
The only advantage to be gained from using the uncoupled formu-
lation in place of Eq. (24) is computational efficiency. Two 6 x 6
eigenproblems can be numerically solved slightly faster than one
12 x 12 eigenproblem. However, with the computational hardware
and software available today, when solving something as simple as
a 12 x 12 eigenproblem, it typically takes longer to display the re-
sults than it does to perform the numerical computations. Thus, with
problems of this level of complexity, computation time is no longer
an issue. With current computational tools, the advantages of being
able to account for inertial, gyroscopic, and aerodynamic coupling,
as well as turning flight, far outweigh any computational advantage
of'using the uncoupledequationsfor longitudinaland lateral motion.
Therefore, when developing computer code for today’s hardware,
Eq. (24) provides significant advantage over the traditional uncou-
pled formulation.

Aerodynamic coupling between the longitudinal and lateral
modes is embodied in the linearized formulation through the inclu-
sion of additional aerodynamic derivatives, which are not included
in the traditional formulation. In the present formulation three ad-
ditional aerodynamic derivatives have been included: the change in
rolling moment coefficient with angle of attack, C, ,; the change
in yawing moment coefficient with angle of attack, C, ,; and the
change in pitching moment coefficient with sideslip angle, C,, .
These three derivatives were included in the present formulation
because they are the coupling derivatives that most commonly be-
come significant when an airplane is flown in an asymmetric con-
figuration. This type of aerodynamic coupling is produced by a
rotating propeller and can also occur whenever an aircraft is flown
with an asymmetric distribution of external stores attached to the
wings. This does not imply that the other longitudinal-ateral cou-
pling derivatives are always insignificant. Additional aerodynamic
coupling derivatives can easily be added to the formulation pre-
sented here. For example, the term to account for the change in
pitching moment with rolling rate could be added to the fourth col-
umn of the fifth row in the stiffness matrix on the right-hand side of
Eq. (24). Similarly, a change in the aerodynamic yawing moment
with forward airspeed could easily be added to the first column of
the sixth row and so on. Once the first coupling term is included,
adding others does not significantly increase the complexity.

Using the nondimensional linearized formulation that was pre-
sentedhere requiresthe specification of a singlecongruousreference
length for both the longitudinal and lateral variables. The choice of
this reference length is quite arbitrary. The choice has no effect on
the predicted dynamics, if the reference length is used consistently.
A reasonable choice might be the square root of the wing planform
area.

Example Results

Perhaps the most common cause of aerodynamic coupling be-
tween the longitudinal and lateral modes is simply a rotating pro-
peller. No propeller-driven aircraft can be truly symmetric, unless
it has an even number of counter-rotating propellers symmetrically
distributedin the spanwise direction. An aircraft with a single rotat-
ing propeller will always display some degree of aerodynamic cou-
pling between the longitudinal and lateral modes. This is partially
due to the fact that a rotating propeller produces a yawing moment
that is proportional to the propeller angle of attack. In addition, a
single rotating propeller will always produce some gyroscopic cou-
pling. For conventional propeller-drivenairplanes with low power-
to-weight ratio, these effects are not too significant. However, a
single-engine propeller-driven airplane with very high power-to-
weight ratio can exhibit longitudinal-ateral coupling that substan-
tially alters the dynamics of the aircraft. One example of such an
airplane is the British Spitfire Mark XVIII, shown in Fig. 2. To
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Tablel Comparison between the level-flight eigenvalues, with and
without coupling introduced by the rotating propulsion system

Without coupling With coupling
Mode Period, s Damping rate, s™! Period, s Damping rate, g1
Phugoid 66.7 0.0133 71.0 0.0132
Short period 1.67 2.84 1.42 1.81
Dutch roll 1.55 0.571 1.72 1.59
Roll 00 51.3 00 51.3
Spiral 00 —0.0030 00 —0.0031

Fig. 2 British Spitfire Mark X VIII used for the example computations
(photograph by Barry Santana).

demonstrate how longitudinal-ateral coupling can affect aircraft
dynamics, results of some example computations for this aircraft
will be presented.

For the computational results presented here, the aerodynamic
derivatives for the Spitfire were predicted analytically from known
dimensions, weights, and power. Although the derivatives so pre-
dicted are not expected to exactly match the aerodynamics of the
actual aircraft, they are certainly reasonable and adequate for the
demonstration purposes intended here. The Spitfire Mark XVIII
shown in Fig. 2 is powered by a liquid-cooled, 12-cylinder, Rolls-
Royce Griffonengine developing2375hp at 2750 rpm. The 132-in.,
five-blade, Rotol propeller is turned with 1.961-1 gear reduction.
The airplane has a top speed in level flight of 450 mph and has a rate
of climb at sea level of over 5000 ft/min. The mass moment of in-
ertia for the crankshaft, hub, and propeller combined was estimated
at approximately 86 slug - ft. For the following results, an airspeed
of 300 mph at sea level was used, and the engine was assumed to
be turning at 2600 rpm. From the propeller geometry and assumed
operating conditions, a numerical procedure'® based on Goldstein’s
vortex theory'! was used to estimate the change in propeller yawing
moment with angle of attack. From thisresult, the changein airplane
yawing moment coefficient with angle of attack was estimated to
be about C,, , =+0.034, and the change in pitching moment coeffi-
cient with sideslip angle was approximated at C,, s = +0.16. (The
Griffon engine has left-hand rotation.) With the exception of the
rotating propeller and crankshaft, the airplane was assumed to be
completely symmetric in the spanwise direction.

Table 1 shows a comparison between the rigid-body eigenvalues
for the Spitfire as predicted from Eq. (24), both excluding and in-
cluding the gyroscopic and aerodynamic coupling generated by the
rotating propeller and crankshaft. The results presented in Table 1
are for level flight at sea level with an airspeed of 440 ft/s. Notice that
longitudinalateral coupling has the greatesteffect on the damping
for the short-periodand Dutch roll modes. The roll and spiral modes
are almost totally unaffected by the coupling.

The effectof couplingon the short-periodand Dutch roll modes is
even more dramatically demonstrated by examining the eigenvec-
tors. Table 2 shows the short-period and Dutch roll eigenvectors,
as predicted from Eq. (24) with the gyroscopic and aerodynamic
coupling terms set to zero. Here we see traditional results, where
the short-period mode involves only longitudinal disturbances and
Dutch roll involves only lateral disturbances. As expected from a
traditional viewpoint, the short-period mode involves oscillations

Table2 Short-period and Dutch roll level-flight eigenvectors,
excluding coupling introduced by the rotating propulsion system

. Short period Dutch roll

Eigenvector

component Amplitude  Phase,deg ~ Amplitude  Phase, deg
Ap 0.0027 80.24 0.0000 0.00
AB 0.0000 0.00 0.6967 —178.31
Ao 0.3037 72.46 0.0000 0.00
Ap 0.0000 0.00 0.0042 100.66
Ag 0.0415 169.08 0.0000 0.00
AF 0.0000 0.00 0.1016 97.89
Agy 0.0163 —46.62 0.0000 0.00
Ag, 0.0000 0.00 0.1249 178.08
Ag- 0.9188 0.00 0.0000 0.00
A¢ 0.0000 0.00 0.0290 2.77
A6 0.2482 42.23 0.0000 0.00
Ay 0.0000 0.00 0.6985 0.00

Table 3 Short-period and Dutch roll level-flight eigenvectors,
including coupling introduced by the rotating propulsion system

. Short period Dutch roll

Eigenvector
component Amplitude  Phase, deg Amplitude  Phase, deg
A 0.0031 68.88 0.0029 62.64
AB 0.2675 78.84 0.2196 46.41
Aa 0.2842 42.64 0.2122 45.58
Ap 0.0019 13.16 0.0013 —18.76
Ag 0.0459 125.13 0.0287 123.19
AF 0.0455 9.93 0.0310 —21.40
Acy 0.0179 —43.20 0.0201 —-50.76
Ag, 0.0329 49.45 0.0390 11.67
Ac: 0.8354 0.00 0.9023 0.00
A¢ 0.0109 —-98.91 0.0090 —132.16
A6 0.2697 13.05 0.2024 9.79
Ay 0.2668 —102.14 0.2186 —134.80
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Fig. 3 Variation with gyroscopic coupling in the angle-of-attack and
sideslip components for the short-period and Dutch roll eigenvectors,
excluding the aerodynamic coupling terms.

in angle of attack but no oscillations in sideslip. Dutch roll, on the
other hand, produces oscillations in sideslip with no oscillations in
angle of attack. A substantially different result is seen in Table 3,
which was predicted from Eq. (24), including the gyroscopic and
aerodynamic coupling terms. Here we see that both modes exhibit
oscillations in angle of attack and sideslip that are of almost equal
magnitude. Neither of these two modes is readily identifiable as
being either longitudinal or lateral. In fact, the authors were able
to identify the short-period and Dutch roll modes in Table 3 only
by incrementally varying the magnitude of the coupling terms and
observing the transition between the results shown in Table 2 and
those shown in Table 3.

To give the reader a better feel for how the eigenvectors change
with increasing longitudinalateral coupling, Fig. 3 shows the
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Table4 Comparison between the eigenvalues for a 60-deg
coordinated turn, with and without the coupling introduced
by the rotating propulsion system

Without coupling With coupling
Period, Damping Period, = Damping
Mode S rate, s~ S rate, s~
Phugoid 38.5 0.0039 38.0 0.0032
Short period 1.67 2.84 1.42 1.82
Dutch roll 1.55 0.572 1.72 1.59
Roll 00 51.3 00 51.3
Spiral 00 0.0211 00 0.0230

angle-of-attack and sideslip components for both the short-period
and Dutchroll eigenvectors.For the results shownin Fig. 2, the aero-
dynamic coupling terms were set to zero and the moment of inertia
for the propeller and crankshaft was varied from zero to more than
twice that estimated for the actual airplane. The rotational speed of
the engine and all other parameters in Eq. (24) were held constant.
When the rotor moment of inertia is set to zero, there is no gyro-
scopic coupling, and the Dutch roll and short-period modes take
traditional form. In this case, shown on the far left-hand side of
Fig. 3, the short-period mode includes no sideslip, and Dutch roll
involves no changesin angle of attack. As the rotor moment of iner-
tia and correspondinggyroscopic coupling are increased, the Dutch
roll oscillations in angle of attack and the short-period oscillations
in sideslip begin to increase. With a rotor moment of inertia in the
range of thatestimated for the actual airplane (86 slug - ft2), the mag-
nitude of the oscillationin angle of attack and sideslip are about the
same for both the short-period and Dutch roll modes. For very high
levels of gyroscopic coupling, as shown on the right-hand side of
Fig. 3, the short-period oscillationsin sideslip become significantly
larger than those for Dutchroll, and the Dutchroll oscillationsin an-
gle of attack are somewhat greater than those in sideslip. With high
levels of gyroscopic coupling, the characteristics of Dutch roll and
the short-period mode seem to be dominated by gyroscopic effects.

Turning flightcan also affectthe classicalmodes of a conventional
airplane, even when the other forms of longitudinal-ateral coupling
are not significant. Table 4 shows a comparison between the rigid-
body eigenvalues for the Spitfire Mark XVIII in turning flight, both
excluding and including the gyroscopic and aerodynamic coupling
generated by the rotating propeller and crankshaft. The results pre-
sentedin Table4 were predictedfrom Eq. (24) foralevel coordinated
turn at sea level, using an airspeed of 440 ft/s and a bank angle of
60 deg. Notice, by comparison of the results in Table 4 with those in
Table 1, that turning flight has almost no effect on the short-period
and Dutch roll modes. Within the three significant digits that are
reported in Tables 4 and 1, Dutch roll and the short-period modes
display only two minor differencesbetween the 60-deg banked turn
and level flight. These are in the short-perioddamping with coupling
and in the Dutch roll damping without coupling. Clearly, these two
small differencesare not significant. On the other hand, the phugoid
and spiral modes are seen to be substantially affected by the turn,
even when the gyroscopicand aerodynamiccouplingis ignored. As
aresultof the turn, the phugoid period was nearly cut in half, and the
damping was reduced by more than a factor of three. For the spiral
mode, the turn increased the damping rate by 800 %, changing the
mode from slowly divergent to convergent.

Conclusions

From the results presented here, we see that turning flight and
other forms of longitudinal-ateral coupling can have a significant

effect on aircraft dynamics. When the longitudinal-ateral coupling
terms in Eq. (24) are present but small, all of the traditional lon-
gitudinal and lateral modes are still observed in the solution to the
associated eigenproblem. The net effect of a small amount of cou-
pling is to produce modest changes in the frequencies and damping
rates associated with the traditional modes, while introducing some
lateral motion into the longitudinal modes and vice versa. This is
the case that most accurately describes the majority of conventional
airplanes with low power-to-weightratio. At least a small amount
of longitudinal-ateral coupling is usually presentin any aircraft. If
the coupling terms in Eq. (24) become large enough, the interactions
between the longitudinaland lateral DOF can be sufficient to render
the traditional longitudinal and lateral modes unrecognizable.

A single-engine propeller-drivenairplane with very high power-
to-weightratio can exhibitsignificant longitudinal-ateral coupling.
The British Spitfire Mark XVIII used for the example compu-
tations was chosen specifically because it displays such charac-
teristics. Whereas the level-flight dynamics of most conventional
airplanes with low power-to-weight ratio is not significantly af-
fected by longitudinal-ateral coupling, there have been and will
continue to be applications where this effect is substantial. Fur-
thermore, the longitudinal-ateral coupling associated with turning
flight can significantly alter the phugoid and spiral modes of any
aircraft.

There is also a fairly new area within the field of flight mechanics
where longitudinalateral coupling may become important. This is
in the area of microflight. Recent developments in the field of nan-
otechnologyhave sparkedinterestin flight on a very small scale. As
this new technology develops, we may find that the dynamic charac-
teristicsof some of these tiny aircraftare dominatedby longitudinal—
lateral coupling. Even if this does not prove to be the case, it should
be investigated. Furthermore, because the linearized formulation
presented here is not significantly more complex than the tradi-
tional linearized formulation, longitudinal-ateral coupling can be
accounted for as easily as it can be ignored.
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